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Abstract
In this paper, we will give a horizontal gradient estimate of positive solutions of
∆bu = −λu on complete noncompact pseudo-Hermitian manifolds. As a consequence,
we recapture the Liouville theorem of positive pseudo-harmonic functions on Sasakian
manifolds with nonnegative pseudo-Hermitian Ricci curvature.
1 Introduction
Let (M, θ) be a pseudo-Hermitian manifold and ∇ be the Tanaka-Webster connection. The
sub-Laplacian of a smooth function u is defined by
∆bu = traceGθ∇bdbu
where ∇bdbu is the restriction of ∇du on HM ×HM . It is a subelliptic operator in pseudo-
Hermitian geometry and its local theories are close to elliptic operator (cf. [13, 15, 19, 20]).
A smooth function is called pseudo-harmonic if its sub-Laplacian vanishes.
Cheng and Yau derived a well-known gradient estimate of positive harmonic functions
on Riemannian manifolds.
Theorem 1.1 ([7, 22]). Suppose that M is a m-dimensional complete manifold with Ric ≥
−(m− 1)κ for some κ ≥ 0. If u is a positive harmonic function on a geodesic ball B2R(x0),
then
sup
BR(x0)
|∇u|
u
≤ Cm
(
1
R
+
√
κ
)
where Cm is a constant depending on m.
Keywords: Gradient estimate, Pseudo-harmonic function, Eigenvalue, Sub-Laplacian, Liouville theo-
rem
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As an consequence, Liouville theorem holds for positive harmonic functions on Rieman-
nian manifolds with nonnegative Ricci curvature. This method is also very important for
geometric and analytic objects, such as eigenvalues, eigenfunctions, heat kernel and Harnack
inequality. One can refer to [17] for these discussions. Due to the similarity of harmonic
functions, it is natural to consider the Liouville theorem for pseudo-harmonic functions on
pseudo-Hermitian manifolds. The key point of such generalization is the analogue of Lapla-
cian comparison theorem in pseudo-Hermitian manifolds. The authors in [1, 2, 16] have
studied the sub-Laplacian comparison theorem and Hessian comparison theorem of sub-
Riemannian distance function (also called Carnot-Carathe´odory distance) on Sasakian man-
ifolds. This was also explored by Chang, Kuo, Lin and Tie [5] via a different method. They
applied it to generalize Cheng-Yau’s theorem and established the Liouville theorem for pos-
itive pseudo-harmonic functions on Sasakian manifolds with nonnegative pseudo-Hermitian
Ricci curvature.
It is notable that Webster metric is a Riemannian metric which gives a Riemannian
distance function. The authors in [10] have estimated its sub-Laplacian on pseudo-Hermitian
manifolds which is a weak version of sub-Laplacian comparison theorem, and deduced some
Liouville theorem and existence theorem of pseudo-harmonic maps to regular balls of some
Riemannian manifolds which is a generalization of harmonic case [6, 8]. Motivated by these,
this paper will establish the horizontal gradient estimate of positive eigenfunctions of sub-
Laplacian and estimate the upper bound of eigenvalues on complete noncompact pseudo-
Hermitian manifolds in Theorem 3.5. Meanwhile, the result will be simplified for Sasakian
manifolds in Corollary 3.6. As an consequence, the Liouville theorem for positive pseudo-
harmonic functions on Sasakian manifolds will be recaptured in Theorem 3.7.
2 Preliminary
In this section, we present some basic notions of pseudo-Hermitian geometry. For details, the
readers may refer to [12, 21]. Recall that a smooth manifold M of real dimension (2n+1) is
said to be a CR manifold if there exists a smooth rank n complex subbundle T1,0M ⊂ TM⊗C
such that
T1,0M ∩ T0,1M = 0 (2.1)
[Γ(T1,0M),Γ(T1,0M)] ⊂ Γ(T1,0M) (2.2)
where T0,1M = T1,0M is the complex conjugate of T1,0M . Equivalently, the CR structure
may also be described by the real subbundle HM = Re {T1,0M ⊕ T0,1M} of TM , called
the horizontal bundle, which carries a almost complex structure J : HM → HM defined
by J(X + X) = i(X − X) for any X ∈ T1,0M . Since HM is naturally oriented by the
almost complex structure J , then M is orientable if and only if there exists a global nowhere
vanishing 1-form θ such that HM = Ker(θ). Any such section θ is referred to as a pseudo-
Hermitian structure on M . The space of all pseudo-Hermitian structure is 1-dimensional
The Levi form Lθ of a given pseudo-Hermitian structure θ is defined by
Lθ(X, Y ) = dθ(X, JY )
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for any X, Y ∈ HM . An orientable CR manifold (M,HM, J) is called strictly pseudo-convex
if Lθ is positive definite for some θ.
When (M,HM, J) is strictly pseudo-convex, there exists a pseudo-Hermitian structure θ
such that Lθ is positive. The quadruple (M,HM, J, θ) is called a pseudo-Hermitian manifold.
For simplicity, we denote it by (M, θ). This paper is discussed in these pseudo-Hermitian
manifolds.
For a pseudo-Hermitian manifold (M, θ), there exists a unique nowhere zero vector field
ξ, called the Reeb vector field, transverse to HM and satisfying ξy θ = 1, ξy dθ = 0. There
is a decomposition of the tangent bundle TM :
TM = HM ⊕ Rξ (2.3)
which induces the projection πH : TM → HM . Set Gθ = π∗HLθ. Since Lθ is a metric on
HM , it is natural to define a Riemannian metric
gθ = Gθ + θ ⊗ θ (2.4)
which makes HM and Rξ orthogonal. Such metric gθ is called Webster metric, also de-
noted by 〈·, ·〉. By requiring that Jξ = 0, the complex structure J can be extended to an
endomorphism of TM . The integrable condition (2.2) guarantees that gθ is J-invariant.
It is remarkable that (M,HM,Gθ) could also be viewed as a sub-Riemannian manifold
which satisfies strong bracket generating hypothesis. The completeness is well settled under
the Carnot-Carathe´orody distance (cf. [20]). By definition, this distance is larger than Rie-
mannian distance associated with the Webster metric gθ which implies that sub-Riemannian
completeness is stronger than Riemannian one. In this paper, a pseudo-Hermitian manifold
(M, θ) is called complete if it is complete as a Riemannian manifold (M, gθ).
On a pseudo-Hermitian manifold, there exists a canonical connection ∇ preserving the
horizontal bundle, the CR structure and the Webster metric. Moreover, its torsion satisfies
T∇(X, Y ) = 2dθ(X, Y )ξ and T∇(ξ, JX) + JT∇(ξ,X) = 0.
The pseudo-Hermitian torsion, denoted by τ , is a symmetric and traceless tensor defined
by τ(X) = T∇(ξ,X) for any X ∈ TM (cf. [12]). Set A = gθ(τ(X), Y ) for any X, Y ∈ TM .
A pseudo-Hermitian manifold is called Sasakian if τ ≡ 0. Sasakian geometry is very rich as
the odd-dimensional analogous of Ka¨hler geometry. We refer the readers to the book [3] by
Boyer and Galicki.
Let R be the curvature tensor of the Tanaka-Webster connection. As the Riemannian
curvature, R satisfies
〈R(X, Y )Z,W 〉 = −〈R(X, Y )W,Z〉 = −〈R(Y,X)Z,W 〉
for anyX, Y, Z,W ∈ Γ(TM). Assume that {ηα}nα=1 is a local unitary frame of T1,0M . Besides
Rα¯βλµ¯ = 〈R(ηλ, ηµ¯)ηβ, ηα¯〉, the other parts of R are clear (cf. [12, 21]):
Rα¯βλ¯µ¯ = 2i(Aα¯µ¯δβλ¯ −Aα¯λ¯δβµ¯),
Rα¯βλµ = 2i(Aβµδα¯λ −Aβλδα¯µ),
Rα¯β0µ¯ = Aα¯µ¯,β,
Rα¯β0µ = −Aµβ,α¯,
(2.5)
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where Aµβ,α¯ are the components of ∇A. The pseudo-Hermitian Ricci operator R∗ is given
by
R∗X = −i
n∑
λ=1
R(ηλ, ηλ¯)JX. (2.6)
Due to the first Bianchi identity Rα¯βλµ¯ = Rα¯λβµ¯ (cf. [21]), the components of R∗ satisfies
that
Rαβ¯ = Rβ¯αλλ¯ = Rβ¯λαλ¯.
The sub-Laplacian of a smooth function v is defined by
∆bv = traceGθ∇bdbv
where ∇bdbv is the restriction of ∇dv on HM ×HM . A smooth function is called pseudo-
harmonic if its sub-Laplacian vanishes. The CR Bochner formulas of functions were first
derived by [14] for the estimate of first eigenvalue of sub-Laplacian on compact pseudo-
Hermitian manifolds. The CR Bochner formulas of pseudo-harmonic maps were deduced in
[4, 18].
Lemma 2.1 (CR Bochner Formulas). Suppose that (M2m+1, θ) is a pseudo-Hermitian man-
ifold. Then any smooth function v satisfies that
1
2
∆b|∇bv|2 =|∇bdbv|2 + 〈∇b∆bv,∇bv〉+ 4〈∇bv0, J∇bv〉
+ 〈(R∗ + 2(m− 2)τJ) (∇bv),∇bv〉 (2.7)
1
2
∆b|v0|2 =|∇bv0|2 + v0 · ∇ξ∆bv
+ 2(div A)(∇bv) · v0 + 2〈A,∇bdbv〉 · v0 (2.8)
where v0 = dv(ξ), (div A)(X) = traceGθ∇•A(X, •) and ∇bv is the horizontal gradient of v.
Since the proof is simple under the CR analogue of Ricci identity, that is if σ ∈ Γ(⊗pT ∗M)
and X1, · · · , Xp ∈ Γ(TM), then
(∇2σ)(X1, · · · , Xp;X, Y )− (∇2σ)(X1, · · · , Xp; Y,X)
= σ(X1, · · · , R(X, Y )Xi, · · · , Xp) +
(∇T∇(X,Y )σ)(X1, · · · , Xp), (2.9)
we would recapture it here.
Proof. Let’s only prove (2.7). The equation (2.8) is left to the readers. Suppose that {ηα}nα=1
is a local unitary frame of T1,0M . By definition, we have
1
2
∆b|∇bv|2 = (vαvα¯)ββ¯ + (vαvα¯)β¯β = vαββ¯vα¯ + vαβvα¯β¯ + vαβ¯vα¯β + vαvα¯ββ¯ + conj. (2.10)
Using (2.5) and (2.9), we have the following calculation:
vαββ¯ = vβαβ¯
= vββ¯α +Rαγ¯vγ + 2ivα0
= vββ¯α +Rαγ¯vγ + 2iv0α − 2iAαγvγ¯ , (2.11)
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and
vα¯ββ¯ = (vβα¯ − 2iδβα¯v0)β¯ = vβα¯β¯ − 2iv0α¯
= vββ¯α¯ +Rγ¯βα¯β¯vγ − 2iv0α¯
= vββ¯α¯ − 2i(m− 1)Aγ¯α¯vγ − 2iv0α¯. (2.12)
Substituting (2.11) and (2.12) into (2.10), we obtain (2.7) with the following identities
i(vα¯v0α − vαv0α¯) = 〈∇bv0, J∇bv〉
and
2Rαβ¯vα¯vβ − 2i(m− 2)(vαvβAα¯β¯ − vα¯vβ¯Aαβ) =〈R∗(∇bv),∇bv〉+ 2(m− 2)A(∇bv, J∇bv)
=〈(R∗ + 2(m− 2)τJ) (∇bv),∇bv〉.
Lemma 2.2. Suppose that (M2m+1, θ) is a pseudo-Hermitian manifold.
R∗ + 2(m− 2)τJ ≥ −k, and |A|, |divA| ≤ k1,
for some k, k1 ≥ 0 and v ∈ C∞(M). Then for any ǫ ≥ 0, ǫ1 > 0,
∆b|∇bv|2 ≥ 1
m
(∆bv)
2 + 4m|v0|2 + 2|π⊥(1,1)∇bdbv|2
+ 2〈∇b∆bv,∇bv〉 − ǫ1|∇bv0|2 − (2k + 16ǫ−11 )|∇bv|2 (2.13)
and
∆b|v0|2 ≥2|∇bv0|2 + 2v0 · ∇ξ∆bv
− 2k1|π⊥(1,1)∇bdbv|2 − 4k1|v0|2 − 2k1|∇bv|2 (2.14)
Proof. The CR Ricci identity (2.9) gives that
vαβ¯ − vβ¯α = 2iv0δαβ¯
which shows that
|π(1,1)∇bdbv|2 ≥2
m∑
α,β=1
vαα¯vα¯α =
1
2
m∑
α=1
[|vαα¯ + vα¯α|2 + |vαα¯ − vα¯α|2]
≥ 1
2m
∣∣∣∣∣
m∑
α=1
(vαα¯ + vα¯α)
∣∣∣∣∣
2
+
1
2
m∑
α=1
|vαα¯ − vα¯α|2
=
1
2m
(∆bv)
2 + 2m|v0|2. (2.15)
The other part can be obtained by Cauchy inequality.
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Comparison theorem is an powerful tool in Riemannian geometry. There are two distance
functions in pseudo-Hermitian geometry. One is sub-Riemannian distance function (also
called Carnot-Carathe´odory distance); the other is Riemannian distance function associated
with the Webster metric. The smoothness of the latter is better than the former (cf. [20]).
The sub-Laplacian comparison theorem of the former has been derived in Sasakian manifolds
(cf. [1, 2, 5, 16]); the latter has similar sub-Laplacian estimate (cf. [9]) which holds for general
pseudo-Hermitian manifolds. For our purpose, we will use the Riemannian distance function
to construct cut-off functions. The following sub-Laplacian comparison theorem is based on
Riemannian Index Lemma (cf. Page 212 of [11]) and the relationship between the pseudo-
Hermitian curvature R and the Riemannian curvature associated with the Webster metric
(cf. Theorem 1.6 in Page 49 of [12]). Let r(x) be the Riemannian distance function from
x ∈M to some fixed point x0 ∈M .
Theorem 2.3 ([9]). Suppose (M2m+1, θ) is a complete pseudo-Hermitian manifold with
R∗ ≥ −k, and |A|, |divA| ≤ k1
for some k, k1 ≥ 0. Then there exists C1 only depending on m such that
∆br ≤ C1
(
1
r
+
√
1 + k + k1 + k21
)
(2.16)
inside the cut locus of x0.
3 Horizontal Gradient Estimates
Suppose that (M2m+1, θ) is a complete noncompact pseudo-Hermitian manifold.
R∗ + 2(m− 2)τJ ≥ −k, and |A|, |divA| ≤ k1, (3.1)
for some k, k1 ≥ 0. Let r(x) be the Riemannian distance function from x ∈M to some fixed
point x0 ∈M and BR = BR(x0) is the Riemannian ball of radius R centered at x0. Assume
that u is a positive solution of
∆bu = −λu, on B2R (3.2)
for some λ ≥ 0 and R ≥ 1. In this section, we will estimate |∇bu|
2
u2
on BR.
Set v = ln u and then
∆bv = div ∇bv = div
(∇bu
u
)
=
∆bu
u
− |∇bu|
2
u2
= −(λ+ |∇bv|2). (3.3)
Hence
v0 · ∇ξ∆bv = −v0 · ∇ξ|∇bv|2 = −2〈v0∇ξ∇bv,∇bv〉.
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For any X ∈ HM , we have
(∇ξv)(X)− (∇Xv)(ξ) = −dv(T∇(ξ,X))
which shows that
∇ξ∇bv = ∇bv0 − τ(∇bv).
Hence
v0 · ∇ξ∆bv = −〈∇b|v0|2,∇bv〉+ 2v0 · A(∇bv,∇bv).
By the assumption (3.1) and Lemma 2.2, we get
∆b|v0|2 ≥2|∇bv0|2 − 2〈∇b|v0|2,∇bv〉 − 4k1|∇bv|2|v0|
− 2k1|π⊥(1,1)∇bdbv|2 − 4k1|v0|2 − 2k1|∇bv|2 (3.4)
Choose a cut-off function ϕ ∈ C∞([0,∞)) such that
ϕ
∣∣
[0,1]
= 1, ϕ
∣∣
[2,∞) = 0, −C ′2|ϕ|
1
2 ≤ ϕ′ ≤ 0.
By defining χ(r) = χ( r
R
), since R ≥ 1, we find
|∇bχ|2
χ
≤ C2
R2
, ∆bχ ≥ −C2
R
(3.5)
where C2 depends on k, k1. Set
Φ = |∇bv|2 + µRχ|v0|2
where µR will be determined later. For convenience, it will also be denoted by µ = µR. But
we should be careful about global estimates.
Lemma 3.1. Suppose k1µ ≤ 1. If χ(x) 6= 0 and Φ(x) 6= 0, then at x, we have
∆bΦ ≥ 1
m
(∆bv)
2 − 2〈∇bΦ,∇bv〉+ 2µ|v0|2〈∇bχ,∇bv〉 − 4k1µχ|∇bv|2|v0|
+
(
4m− 4k1µχ− 4µχ−1|∇bχ|2 + µ∆bχ
) |v0|2
− [2k + 2k1µχ+ 16(µχ)−1] |∇bv|2 (3.6)
Proof. The estimate (3.4) gives that
∆b(χ|v0|2) =χ∆b|v0|2 + 2〈∇bχ,∇b|v0|2〉+ |v0|2∆bχ
≥2χ|∇bv0|2 − 2〈∇b(χ|v0|2),∇bv〉+ 2|v0|2〈∇bχ,∇bv〉 − 4k1χ|∇bv|2|v0|
− 2k1χ|π⊥(1,1)∇bdbv|2 − 4k1χ|v0|2 − 2k1χ|∇bv|2
+ 4〈∇bχ⊗ v0,∇bv0〉+ |v0|2∆bχ. (3.7)
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Combing with (2.13) and ǫ1 = µχ, we have
∆bΦ =∆b(|∇bv|2 + µχ|v0|2)
≥4µ〈∇bχ⊗ v0,∇bv0〉+ µχ|∇bv0|2
+
1
m
(∆bv)
2 − 2〈∇bΦ,∇bv〉+ 2µ|v0|2〈∇bχ,∇bv〉 − 4k1µχ|∇bv|2|v0|
+ 4m|v0|2 − 4k1µχ|v0|2 + µ∆bχ|v0|2
− [2k + 2k1µχ+ 16(ǫµχ)−1] |∇bv|2 (3.8)
The proof is finished by Cauchy inequality
4µ〈∇bχ⊗ v0,∇bv0〉 ≥ −µχ|∇bv0|2 − 4µχ−1|∇bχ|2|v0|2.
Since χΦ = 0 on ∂B2R, then the maximum point xµ must lie in B2R. We can assume
that xµ is inside the cut locus of x0 and thus the Riemannian distance function r is smooth
at xµ. (Otherwise we use S.Y. Cheng’s method [6] to modify it.) Set
P = χ|∇bv|2, Q = χ2|v0|2, S = χΦ = P + µQ
and
Pµ = P (xµ), Qµ = Q(xµ), Sµ = S(xµ).
Lemma 3.2. If the maximum value of χΦ is nonzero, that is Sµ 6= 0, then for any µ with
k1µ ≤ 1,
0 ≥ 1
m
P 2µ −
[
2k + 2k1µ+ 16µ
−1 + C3R
−1 − 2
m
σλ
]
Pµ +
1
m
σ2λ2
− C
1
2
3 P
3
2
µ R
− 1
2 − 4k1µPµQ
1
2
µ
+
(
4m− 4k1µ− 2C3µR−1 − 2µC
1
2
3 R
− 1
2P
1
2
µ
)
Qµ (3.9)
where C3 only depends on C2 and
σ = σR =
supBR(|∇bv|2 + µR|v0|2)
supB2R(|∇bv|2 + µR|v0|2)
∈ [0, 1].
In particular, if k1µ ≤ ε ≤ 12m , then
0 ≥
(
1
m
− ε
)
P 2µ −
[
2k + 2k1µ+ 16µ
−1 + ε−1C3R
−1 − 2
m
σλ
]
Pµ +
1
m
σ2λ2
+
(
4m− 12ε− 2C3µR−1 − 2µC
1
2
3 R
− 1
2P
1
2
µ
)
Qµ (3.10)
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Proof. Using Lemma 3.1 and (3.3), we can do the following calculation
χ∆b(χΦ) ≥ 1
m
(χλ+ χ|∇bv|2)2 + 2〈∇bχ,∇b(χΦ)〉 − 2χ−1|∇bχ|2(χΦ) + (χΦ)∆bχ
− 2χ〈∇b(χΦ),∇bv〉+ 2〈∇bχ,∇bv〉(χΦ) + 2µχ2|v0|2〈∇bχ,∇bv〉 − 4k1µχ3|∇bv|2|v0|
+
(
4m− 4k1µχ− 4µχ−1|∇bχ|2 + µ∆bχ
)
χ2|v0|2
− [2kχ + 2k1µχ2 + 16µ−1]χ|∇bv|2. (3.11)
Note that
sup
BR
Φ ≤ χ(xµ)Φ(xµ) ≤ χ(xµ) sup
B2R
Φ ≤ χ(xµ) sup
B2R
(|∇bv|2 + µ|v0|2).
Hence σ ≤ χ(xµ) ≤ 1. By the assumption that xµ is a maximum point,
∇b(χΦ)(xµ) = 0,∆b(χΦ)(xµ) ≤ 0.
Then combing with (3.5) and Cauchy inequality, the estimate (3.11) can be rewritten at xµ
as
0 ≥ 1
m
(σλ+ Pµ)
2 − C3R−1Sµ − C
1
2
3 R
− 1
2P
1
2
µ Sµ − µC
1
2
3 R
− 1
2P
1
2
µ Qµ − 4k1µPµQ
1
2
µ
+
(
4m− 4k1µ− C3µR−1
)
Qµ −
[
2k + 2k1µ+ 16µ
−1]Pµ
which leads the conclusion (3.9).
The conclusion (3.10) is due to
4k1µPµQ
1
2
µ ≤ 4εPµQ
1
2
µ ≤ ε
2
P 2µ + 8εQµ
C
1
2
3 P
3
2
µ R
− 1
2 ≤ ε
2
P 2µ +
ε−1
2
C3R
−1Pµ
Now we begin to estimate ∇bv. Let
a = max
B2R
P = max
B2R
χ|∇bv|2
which is independent of µ.
Lemma 3.3. Suppose (M2m+1, θ) is a complete noncompact pseudo-Hermitian manifold with
R∗ + 2(m− 2)τJ ≥ −k, and |A|, |div A| ≤ k1
for some k, k1 ≥ 0. If u is a positive solution of
∆bu = −λu, on B2R (3.12)
for some λ ≥ 0 and R ≥ 1, then
max
BR
|∇bu|
u
≤ C(k, k1)(1 +R− 12 ) (3.13)
max
BR
|u0|
u
≤ C(k, k1)(1 +R− 12 ) (3.14)
where the constant C(k, k1) only depends on m, k and k1.
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Remark 3.4. The reason of the assumption of R ≥ 1 is that we are more interested in the
global estimates. For the case R < 1, one could also get a similar lemma as Lemma 3.3 via
some modification of (3.5).
Proof. The conclusions are obvious if the maximum value of χΦ is zero. Hence we assume
that it is nonzero, that is Sµ 6= 0. Choose
ε =
1
6m
and
µ−1 = µ−1R = (k1 + 1)ε
−1 + 2
(
C3R
−1 + C
1
2
3 R
− 1
2a
1
2
)
(3.15)
which makes
4m− 12ε− 2C3µR−1 − 2µC
1
2
3 R
− 1
2P
1
2
µ ≥ m.
Hence (3.10) implies that
0 ≥ 5
6m
P 2µ − C4
[
k + k1 + 1 + C3R
−1 + C
1
2
3 R
− 1
2a
1
2
]
Pµ +mQµ, (3.16)
where C4 only depends on m. Then we find
Pµ ≤ 6m
5
C4
[
k + k1 + 1 + C3R
−1 + C
1
2
3 R
− 1
2a
1
2
]
(3.17)
Qµ ≤ 3
10
C24
[
k + k1 + 1 + C3R
−1 + C
1
2
3 R
− 1
2a
1
2
]2
(3.18)
One can easily check that
µ−1
[
k + k1 + 1 + C3R
−1 + C
1
2
3 R
− 1
2a
1
2
]
≤ 6m(k + k1 + 1) + 1
2
which yields that
a ≤ Sµ = Pµ + µQµ ≤
[
6m
5
C4 +
3
10
C24
(
6m(k + k1 + 1) +
1
2
)]
×
[
k + k1 + 1 + C3R
−1 + C
1
2
3 R
− 1
2a
1
2
]
Hence we have
a
1
2 ≤ C(k, k1)(1 +R− 12 ).
where the constant C(k, k1) only depends on m, k and k1. The lemma will be obtained by
max
BR
|∇bv|2 ≤ a
max
BR
|v0|2 ≤ µ−1(Pµ + µQµ).
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If u is a global positive solution of ∆bu = −λu, then we can get better estimate of its
horizontal gradient and some gap of λ.
Theorem 3.5. Suppose (M2m+1, θ) is a complete noncompact pseudo-Hermitian manifold
with
R∗ + 2(m− 2)τJ ≥ −k, and |A|, |div A| ≤ k1
for some k, k1 ≥ 0. If u is a global positive solution of
∆bu = −λu, on M (3.19)
for some λ ≥ 0, then
λ ≤ 1−
√
1− εm
ε
(k + ε+ 8k1ε
−1) (3.20)
and
|∇bu|2
u2
≤
ζ − 2
m
λ+
√
ζ2 − 4
m
ζλ+ 4ε
m
λ2
2( 1
m
− ε) +
ζ2 − 4
m
ζλ+ 4ε
m
λ2
4(1− εm)ε (3.21)
for any ε ∈ (0, 1
6m
) and
ζ = 2k + 18ε+ 16k1ε
−1.
Proof. As above, we prove the theorem via the maximum principle of χΦ = S = P + µQ on
B2R. Assume u is non-constant. Otherwise the conclusion is trivial. Lemma 3.3 shows that
|∇bv| and |v0| are uniformly bounded on M , that is
|∇bv| ≤ K, |v0| ≤ K
for some K > 0 only depending on k, k1. Let ε ∈ (0, 16m), s > 0 and
µ−1 = µ−1R = k1ε
−1 + s+ 2
(
C3R
−1 + C
1
2
3 R
− 1
2K
1
2
)
→ k1ε−1 + s, as R→∞ (3.22)
such that
4m− 12ε− 2C3µR−1 − 2µC
1
2
3 R
− 1
2P
1
2
µ ≥ m.
Moreover,
σ = σR =
supBR(|∇bv|2 + µR|v0|2)
supB2R(|∇bv|2 + µR|v0|2)
≥ supBR(|∇bv|
2 + (k1ε
−1 + s)|v0|2)− |µR − (k1ε−1 + s)| supBR |v0|2
supB2R(|∇bv|2 + (k1ε−1 + s)|v0|2) + |µR − (k1ε−1 + s)| supB2R |v0|2
→ 1, as R→∞.
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But σR ≤ 1. So we have
lim
R→∞
σR = 1. (3.23)
At the maximum point xµR of χΦ, the estimate (3.10) implies that
0 ≥−
[
2k + 2ε+ 16µ−1R + ε
−1C3R−1 − 2mσRλ
]2
4( 1
m
− ε) +
1
m
σ2Rλ
2 (3.24)
Taking R→∞, the result is
0 ≥ − 1
1− εm
(
ελ2 − ζsλ+ m
4
ζ2s
)
(3.25)
where
ζs = 2k + 2ε+ 16s+ 16k1ε
−1.
Hence for any s > 0 and ε ∈ (0, 1
6m
),
λ ≤ 1−
√
1− εm
2ε
ζs or λ ≥ 1 +
√
1− εm
2ε
ζs. (3.26)
The second case is impossible since
1 +
√
1− εm
2ε
ζs ≥ 8sε−1 →∞, as ε→ 0.
By taking s→ 0, the conclusion (3.20) is obtained.
For the global estimates of |∇bv| and |v0|, Lemma 3.1 and the choice (3.22) show that
0 ≥
(
1
m
− ε
)
P 2µ −
[
ζs + TR − 2
m
σRλ
]
Pµ +
1
m
σ2Rλ
2 +mQµ (3.27)
where
TR = (32 + ε
−1)C−13 R
−1 + 32C
1
2
3 R
− 1
2K
1
2 → 0, as R→∞.
Hence (3.27) guarantees that
Pµ ≤
ζs + TR − 2mσRλ+
√
(ζs + TR − 2mσRλ)2 − 4 1m( 1m − ε)σ2Rλ2
2( 1
m
− ε)
→
ζs − 2mλ+
√
ζ2s − 4mζsλ+ 4εmλ2
2( 1
m
− ε) (3.28)
and
µRQµ ≤µR
m
[
ζs + TR − 2mσRλ
]2 − 4 1
m
( 1
m
− ε)σ2Rλ2
4( 1
m
− ε)
→ ζ
2
s − 4mζsλ+ 4εmλ2
4(1− εm)(k1ε−1 + s) (3.29)
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as R→∞. The proof is finished by choosing s = ε and
|∇bv|2 ≤ lim
R→∞
(PµR + µRQµR).
The Sasakian condition (k1 = 0) will simplify the conclusion in Theorem 3.5.
Corollary 3.6. Suppose (M2m+1, θ) is a complete noncompact Sasakian manifold with
R∗ ≥ −k
for some k ≥ 0. If u is a global positive solution of
∆bu = −λu, on M (3.30)
for some λ ≥ 0, then
λ ≤ mk
2
(3.31)
and
|∇bu|2
u2
≤
(
k2 − 2
m
kλ
)
ε−1 +
√
m2k2 − 2kmλ+
(
18
m
+ 1
)
(mk − λ) + λ
2
m
+O(
√
ε) (3.32)
where
O(
√
ε)√
ε
≤ C(m, k) depending on m and k as ε→ 0.
Proof. The estimate (3.31) follows from (3.20) by taking ε→ 0.
Since ζ = 2k + 18ε, we have
ζ2 − 4
m
ζλ+
4ε
m
λ2 = 4
(
k2 − 2
m
kλ
)
+ 4
(
18k − 18λ
m
+
λ2
m
)
ε+ 182ε2.
Hence
ζ − 2
m
λ+
√
ζ2 − 4
m
ζλ+ 4ε
m
λ2
2( 1
m
− ε) = mk − λ+
√
m2k2 − 2kmλ+O(√ε)
and
ζ2 − 4
m
ζλ+ 4ε
m
λ2
4(1− εm)ε =
(
k2 − 2
m
kλ
)
ε−1 + 18k − 18λ
m
+
λ2
m
+O(ε)
where O(
√
ε)√
ε
,
O(ε)
ε
≤ C(m, k) only depending on m and k as ε→ 0. Hence (3.32) follows from
(3.21).
The pseudo-harmonic function is the solution of ∆bu = 0. We have the following Liouville
theorem of positive pseudo-harmonic functions.
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Theorem 3.7. Suppose that (M2m+1, θ) is a complete noncompact Sasakian manifold with
R∗ ≥ −k
for some k ≥ 0. Then any positive pseudo-harmonic function u on M satisfies
|∇bu|2
u2
≤
(
m+ 16 + 4
√
2m+ 16
)
k. (3.33)
If the pseudo-Hermitian Ricci curvature of M is nonnegative, that is k = 0, then any positive
pseudo-harmonic function on M must be constant.
Proof. It suffices to prove (3.33). By the proof of Theorem 3.5, we have
|∇bv|2 ≤ lim
R→∞
(PµR + µRQµR) ≤
ζs
2( 1
m
− ε) +
ζ2s
4(1− εm)s → (m+ 16)k + 8(m+ 8)s+
k2
s
as ε→ 0. Now if k 6= 0, then we choose
s =
k√
8m+ 64
which implies (3.33). If k = 0, then by taking s→ 0 and (3.33) is obtained.
Remark 3.8. One can also prove the Liouville part of Theorem 3.7 directly by the maximum
principle as Lemma 3.3 with choosing
µ−1 = µ−1R = 4
(
C3R
−1 + C
1
2
3 R
− 1
2a
1
2
)
where
a = max
B2R
χ|∇bv|2.
Similarly, Theorem 3.5 also gives the horizontal gradient estimates of positive pseudo-
harmonic maps on pseudo-Hermitian manifolds with nonnegative pseudo-Hermitian Ricci
curvature.
Theorem 3.9. Suppose that (M2m+1, θ) is a complete noncompact pseudo-Hermitian man-
ifold with nonnegative pseudo-Hermitian Ricci curvature and
|A|, |div A| ≤ k1
for some k1 ≥ 0. Then any positive pseudo-harmonic function u on M satisfies
|∇bu|2
u2
≤ C5
(
k21ε
−3 + k1ε
−1 + ε
)
(3.34)
where ε ∈ (0, 1
6m
) and C5 only depends on m.
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